SPECTRAL ESTIMATES ON THE SPHERE 
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Abstract. In this article we establish optimal estimates for the first eigenvalue of Schrodingor operators 
on the d-dimensional unit sphere. These estimates depend on norms of the potential, or of its inverse, 
and are equivalent to interpolation inequalities on the sphere. We also characterize a semi-classical 
asymptotic regime and discuss how our estimates on the sphere differ from those on the Euclidean space. 



1. Introduction 

Let A be the Laplace-Beltrami operator on the unit d-dimensional sphere S*^. Our first result is 
concerned with the sharp estimate of the first negative eigenvalue Ai = Ai(— A — V) of the Schrodinger 
operator —A — y on S"* (with potential —V) in terms of L^'-norms of V. 

The literature on spectral estimates for the negative eigenvalues of Schrodinger operators on manifolds 
is limited. We can quote two papers of P. Federbusch and O.S. Rothaus, [ini [33], which establish a 
link between logarithmic Sobolev inequalities and the ground state energy of Schrodinger operators. The 
Rozenbljum-Lieb-Cwikcl inequality (case 7 = with standard notations: see below) on manifolds has been 
studied in [25j Section 5]; we may also refer to [26] for the semi-classical regime, and to [MllSl] for more 
recent results in this direction. In two articles (see [SUIHI]) on Lieb-Thirring type inequalities (also see 
[231 131] for other results on manifolds), A. Ilyin considers Schrodinger operators on unit spheres restricted 
to the space of functions orthogonal to constants and uses the original method of E. Lieb and W. Thirring 
in |27| . The exclusion of the zero mode of the Laplace-Beltrami operator results in semi-classical estimates 
similar to those for negative eigenvalues of Schrodinger operators in Euclidean spaces. 

The results in this paper are somewhat complementary. We show that if the L^-norm of V is smaller 
than an explicit value, then the first eigenvalue Xi{—A — V) cannot satisfy the semi-classical inequality and 
thus it is impossible to obtain standard Lieb-Thirring type inequalities for the whole negative spectrum. 
However, we show that if the L^-norm of the potential is large then the first eigenvalue behaves semi- 
classically and the best constant in the inequality asymptotically coincides with the best constants L^^ ^ 
of the corresponding inequality in the Euclidean space of same dimension (see below) . In this regime the 
first eigenfunction is concentrated around some point on S'' and can be identified with an eigenfunction 
of the Schrodinger operator on the tangent space, up to a small error. In Appendix [A] we illustrate the 
transition between the small L^-norm regime and the asymptotic, semi-classical regime by numerically 
computing the optimal estimates for the eigenvalue Ai(— A — V) in terms of the norms || V^||lp(S'')- 

In order to formulate our first theorem let us introduce the measure dui induced by Lebesgue's measure 
on S'^ C and the uniform probability measure da = duj/\S''\ with = iu(S''). We shall denote by 

II ■||L'!(sti) the quantity ||'«||L<!(s<i) — ( /gd I'^l'' da')'^/'^ for any g > (hence including in the case q S (0,1), 
for which || •||l'!(s<') is not anymore a norm, but only a quasi-norm). Because of the normalization of da, 
when making comparisons with corresponding results in the Euclidean space, we will need the constant 

IS'^li-f . 

The well-known optimal constant L^ ^ in the one bound state Keller-Lieb-Thirring inequality is defined as 
follows: for any function on , if Ai(— A — 0) denotes the lowest negative eigenvalue of the Schrodinger 

Date: January 8, 2013. 

Key words and phrases. Spectral problems; Partial differential operators on manifolds; Quantum theory; Estimation 
of eigenvalues; Sobolev inequality; interpolation; Gagliardo-Nirenberg-Sobolev inequalities; logarithmic Sobolev inequality; 
Schrodinger operator; ground state; one bound state Keller-Lieb-Thirring inequality 

Mathematics Subject Classification (2010). Primary: 58J50; 81Q10; 81Q35; 35P15. Secondary: 47A75; 26D10; 46E35; 
58E35; 81Q20. 



2 



J. DOLBEAULT , M.J. ESTEBAN, A. LAPTEV 



operator —A — cj) (with potential —0) when it exists, and otherwise, we have 

(1) |Ai(-A-0)r<Li,, / cfl^i dx, 

provided 7 > if d > 3, 7 > if d = 2, and 7 > 1/2 if d — 1. Notice that only the positive part (/>+ of (j) is 
involved in the right-hand side of the above inequality. Assuming that 7 > 1 — d/2 if d = 1 or 2, we shall 
consider the exponents 

27 + d q d 

27 + a — 2 q — 2 2 

which are therefore such that 2 < g = ^ < 2* with 2* := ^ if d > 3, and q = ^ ^ (2, +00) if 
d = 1 or 2. To simplify notations, we adopt the convention 2* := 00 if d = 1 or 2. It is also convenient to 
introduce the notation 

a* := - d (d — 2) . 
4 

In Section [2] we shall prove the following result. 

Theorem 1. Let d > 1, p E ( max{l, d/2}, +00) . Then there exists an increasing function a : — >■ M+ 
with a{ii) = /i for any fi [O, | (p — 1)] , which is convex for /i G (i (P ^ 1)' +°^); such that 

(2) |Ai(-A-y)| <a(||y||LP(s.)) 

for any nonnegative V £ LP(§'*). Moreover, for large values of fi, we have 

a(Mf-5 =Li_. ,K,Aif (1 + 0(1)). 

The estimate ([2| is optimal in the sense that there exists a nonnegative function V such that /i — || V||lp(S'') 
and |Ai(— A — V)\ — a(/i) for any £ (i (P ^ 1)' +00) • If IJ- ^ ^ {p ~ equality in ^ is achieved by 
constant potentials. 

If p — d/2 and d > 3, then ^ is satisfied with a(/i) = fj, only for /i G [0,a*]. If d = p = 1, then Q 
is also satisfied for some nonnegative, convex function a on such that fi < a{^) < fi + ir^ /i^ for any 
/i G (0, +00), equality in ^ is achieved and a{fi) = tt^ M^(l + o(l)) as fi — > +00. 

Since Ai(— A — V) is negative for any nonnegative, nontrivial V, inequality ([2]) is a lower estimate. We 
have indeed found that 

0>Ai(-A-F)>-a(||y||Lp(s.)). 

If V changes sign, the above inequality still holds if V is replaced by the positive part V+ of V, provided 
the lowest eigenvalue is negative. We can then write 

(3) |Ai(-A-y)| <a(||y+||Lp(s.)) yveLPis"). 

The expression of ^ is not explicit (except in the case d = 1: see [371 P- 290]) but can be given in terms 
of an optimal constant in some Gagliardo-Nirenberg-Sobolev inequality (sec 27J, and ([9|-(10l below in 
Section 2.1). In case d = p — 1, notice that ^ — 1/2 (see Appendix B.2| and Koo,i — 27r so that our 
formula m the asymptotic regime fi — >■ +00 is consistent with the other cases. 

The reader is invited to check that Theorem [l] can be reformulated in a more standard language of 
spectral theory as follows. We recall that 7 = p — d/2 and that dcu is the standard measure induced on 
the unit sphere S'' by Lebesgue's measure on 

Corollary 2. Let d > 1 and consider a nonnegative function V. For /i = large, we have 



(4) |Ai(-A-F)r <Li,, / 



V'+^ duj 



if either 7 > max{0, 1 — d/2} or 7 = 1/2 and d = 1. However, if fJ, = \\V\\_^^^d ^^^^ < jd{2j + d — 2), 
then we have 

(5) \\i{-A-V)r+i < [ V^+i duj 

for any 7 > max{0, 1 — d/2} and this estimate is optimal. 
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Here the notation f ^ g bs p ^ +00 means that / < c{p) g with hm^ c(/i) = 1. The hmit case 
7 = max{0, 1 — d/2\ in ([5]) is covered by approximations. We may also notice that optimahty in ([5| is 
achieved by constant potentials. Let us give some details. 

If we consider a sequence of constant functions {Vn)n&i uniformly converging towards 0, for instance 
Vn = then we get that 

hm 2 — +00 

which clearly forbids the possibility of an inequality of the same type as Q for small values of /g^ V'^i doj. 
This is however compatible with the results of A. Ilyin in dimension d — 2. In [ 2T1 Theorem 2.1], the 
author states that if P is the orthogonal projection defined hy Pu := u — Jga u duj, then the negative 
eigenvalues Xk{P (—A — V) P) satisfy the semi-classical inequality 



Y,\MP{-^-V)P)\<\ I V^dLO. 



Another way of seeing that inequalities like Q are incompatible with small potentials is based on the 
following observation. Inequality ([s]) shows that 

|Ai(-A-F)| < i^j^V^duY^ 

if the L^-norm of V is smaller than 1. Since such an inequality is sharp, the semi-classical Lieb-Thirring 
inequalities for the Schrodinger operator on the sphere are therefore impossible for small potentials and 
can be achieved only in a semi-classical asymptotic regime, that is, when the norm ||y||L2(s2-) is large. 

Our second main result is concerned with the estimates from below for the first eigenvalue of Schrodinger 
operators with positive potentials. In this case, by analogy with ([T]), it is convenient to introduce the 
constant L^^ ^ with 7 > d/2 which is the optimal constant in the inequality: 



(6) X.i-A + ^y <Ll^^J 



dx , 



where (p is any positive potential on and Ai(— A -I- 0) denotes the lowest positive eigenvalue if it exists, 
or -1-00 otherwise. Inequality ^ is less standard than ([I]): we refer to [T51 Theorem 12] for a statement 
and a proof. As in Theorem [l] we shall also introduce exponents p and q such that 

27-d q d 

9 = 2 o JX^ P = o = ^ ~ o ' 

27 — d + 2 2 — (7 2 

so that p (resp. q = ^+1) takes arbitrary values in (0, -f-00) (resp. (0,2)). With these notations, we have 
the counterpart of Theorem [T] in the case of positive potentials. 

Theorem 3. Let d > 1, p G (0, -l-oo). There exists an increasing function v : M"*" — >■ IR+ with ;/(/?) = /? 
for any (3 £ [O, ^ {p + 1)] if p > 1, which is concave for /3 G (| (p -I- 1), -l-oo), such that 

(7) Xi{-A + W)>iy{^) with /3 = ||I^-i||-,i(g,j, 

for any positive potential W such that W^^ G LP(§''). Moreover, for large values of /3, we have 

,(^)-(p+f)<Li(^^.) ^ K./3)-^. 

The estimate ([t]) is optimal in the sense that there exists a nonnegative potential W such that (3^^ = 
II W^^^llLpfgd) and Ai(— A + W) = i^iP) for any positive /3 and p. < f (p+ 1) and p > 1, equality in Q 
is achieved by constant potentials. 

Again the expression of L^^ ^ is not explicit when d > 2 but can be given in terms of an optimal 
constant in some Gagliardo-Nirenberg-Sobolev inequality (see [TS], and (17)-(18l below in Section |4|. 

We can rewrite Theorem [S] in terms of 7 = p -I- d/2 and explicit integrals involving W. 
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Corollary 4. Let d > I and 7 > d/2. For P = ||M^"^ir^d large, we have 

LP 2(Sd) 



(Ai(-A + W^)) ^ <h\^d I W^-^dio. 



However, i/7 > | + 1 and if P = W^^^W^l- i ^^^^-^ < I d{2-/ ~ d + 2), then we have 

(Ai(-A + VK))^"'' < / W^-'^duj, 

and this estimate is optimal. 

This paper is organized as follows. Section [2] contains various results on interpolation inequalities; the 
most important result for our purpose is stated in Lemma[5] Theorem[l] Corollary [2] and various spectral 
estimates for Schrodinger operators with negative potentials are established in Section [3j Section |4] deals 
with the case of positive potentials and contains the proofs of Theorem [3] and Corollary [4] Section [5] is 
devoted to the threshold case {q = 2, that is, p, 7 — > +00) of exponential estimates for eigenvalues or, in 
terms of interpolation inequalities, to logarithmic Sobolev inequalities. Finally numerical and technical 
results have been collected in two appendices. 

2. Interpolation inequalities and consequences for negative potentials 

2.1. Inequalities in the Euclidean space. Let us start by some considerations on inequalities in the 
Euclidean space, which play a crucial role in the semi-classical regime. 

We recall that we denote by 2* the Sobolev critical exponent if d > 3 and consider Sobolev's 
inequality on M'', c? > 3, 

(8) <Srf||V«|!2,(j,,) V«e2?i-2(M'^) 

where Sd is the optimal constant and I?^'^(M'*) is the Beppo-Levi space obtained by completion of smooth 

for details 



B.4 



compacty supported functions with respect to the norm v || Vf ||L2(j{ci). See Appendix 
and comments on the expression of S^- 

Assume now that d > 1 and recall that 2* = +00 if d = 1 or 2. In the subcritical case, that is, q e (2, 2* 
if d > 3 or g G (2, 2*] if d = 1 or 2, let 

II^"IIl^(e^) + II«IIl^(r^) 

r\n,d mi T]— 

t,eHi(R'')\{o} IMIl9(r<*) 

be the optimal constant in the Gagliardo-Nirenberg-Sobolev inequality 

(9) Kd\\v\\him^)<\\^v\\l,^^,^ + \\v\\l,^^,^ V«eHi(M'^). 

The optimal constant hl^ ^ in the one bound state Keller-Licb-Thirring inequality is such that 

(10) Li,,:=(K,,,r'' with P = 7+^, '^ = \jlY-2 - 



See Appendix B.5 for a proof and references, and [27] for a detailed discussion. Also see [27j Appendix A. 
Numerical studies, by J.F. Barnes] for numerical values of ^q^d- 

We shall also define the exponent 

2q 

which plays an important role in the scale invariant form of the Gagliardo-Nirenberg-Sobolev interpolation 
inequalities associated to ^q^d- see Appendix B.l for details. 
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2.2. In terp olation inequalities on the sphere. Using the inverse stereographic projection (see Ap- 
pendix B.3), it is possible to relate interpolation inequalities on M.'^ with interpolation inequalities on S"*. 
In this section we consider the case of the sphere. Notice that a* — d/{q — 2) when q = 2* = 2 d/{d — 2), 
d> 3. 



Lemma 5. Let q e (2,2* 
following properties 



Then there exists a concave increasing function ^ : 



fi{a) — a Va G [O, -^j] '^'^'^ ^(0;) < o; Va e (^p2; +00) 



with the 



such that 
(11) 



H{a) ^ ^ a^-^ {1 + o{l)) as a ^ +00 



II VM||L2(gd) + a ||w||L2(sd) > fi{a) ||u||L,(srf) Vm G H^(§'*) . 



If d > 3 and q = 2* , the inequality also holds for any a > with /i(a) = min{Q!,a»}. 

The remainder of this section is mostly devoted to the proof of Lemma [5] A fundamental tool is a 
rigidity result proved by M.-F. Bidaut-Vcron and L. Veron in [^1 Theorem 6.1] for q > 2, which goes as 
follows. Any positive solution of 



(12) 



Af + af = f 



q-l 



has a unique solution / = a^/^'^ for any < a < d/{q — 2). A straightforward consequence of this 
rigidity result is the following interpolation inequality (see (SJ Corollary 6.2]): 



(13) 



iVwr da > 



da 



2/g 



|u|2 da 



ViteHi(S'',da). 



Inequality Q holds for any q e [1, 2) U (2, 2*] if d > 3 and for any q £ [1, 2) U (2, 00) if d = 1 or 2. An 

and 



alternative proof of ([T3j) has been established in for g > 2 using previous results by E. Lieb in 
the Funk-Hecke formula (see [T71 HH])- The whole range p G [1, 2) U (2, 2*) was covered in the case of the 
ultraspherical operator in [71 [5]. Also see for the carre du champ method, and [13] for an elementary 

proof. Inequality ( 13 ) is tight as defined by D. Bakry in fjl, Section 2] , in the sense that equality is achieved 
only by constants. 



Remark 6. Inequality ( 13 I is equivalent to 



inf 



^d. 



Although we will not make use of them in this paper, we may notice that the following properties hold true: 
(i) If q < 2* , the above infimum is not achieved in 11^(8'') \ {0} but 



iq-2)\\Vu,\\l 



(S<i) 



lim 

if '■— l+sip, where ip is a non-trivial eigenfunction of the Laplace- Beltrami operator corre- 
sponding the first nonzero eigenvalue (see below Section 2.3). 



(ii) Ifq = 2*,d>3, there are non-trivial optimal functions for (13), due to the conformal invariance. 
Alternatively, these solutions can be constructed from the family of Aubin-Talenti optimal functions 
for Sobolev's inequality, using the inverse stereographic projection. 

(iii) // a > a* and q = 2* , d > 3, there are no optimal functions for (111, since otherwise a 1— > fJ.{a) 
would not be constant on (a*, a); see Proposition^below. 
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2.3. Properties of the function a i~> fi{a) in the subcritical case. Assume that q E (2,2*). For any 
a > 0, consider 



L2(sd) + " |1"|Il2(s<1) 

II^IIl9(s<') 



Vug H^(S^^^^7) 



It is a standard result of the calculus of variations that 



inf QaM := 

u e Hi(§^dcr) 

/s. da = 1 

is achieved by a minimizer u G H^(§'^,(icr) which solves the Euler-Lagrange equations 
(14) - Au + au- ^i{a)u''^'^ ^0. 

Indeed we know that there is a Lagrange multiplier associated to the constraint Jg^ \u\'' da = 1, and 
multiplying (14| by u and integrating on S*^, we can identify it with ^(a). As a corollary, we have shown 



that (11) holds. The fact that the Lagrange multiplier can be identified so easily is a consequence of the 



fact that all terms in (11) are two- homogeneous 



We can now list some basic properties of the function a i— >■ fi{a). 

(1) For any a > 0, fJ.{a) is positive, since the infimum is achieved by a nonnegative function u and 
u = is incompatible with the constraint Jg^ da — 1. By taking a constant test function, 
we see that fJ.{a) < a, for all a > 0. The function a i— >■ /^(a) is monotone nondecreasing since 
for a given u € 11^(8^^, dcr) \ {0}, the function a i— Qq[w] is monotone increasing. It is actually 
monotone. Indeed if /x(ai) = /i(a2) with ai < a2, then one can notice that [1*2] < /^(ai) if 
U2 is a minimizer of satisfying the constraint /g^ |w2|' da = 1, which provides an obvious 
contradiction. 

(2) We have 



Indeed, if u is a solution of (14), then / = /x(a)^/^'^^^-' u solves (12) and is therefore a constant 
function if a < d/{q — 2) according to [9l Theorem 6.1], and so is u as well. Because of the 
normalization constraint ||it||L<j(sd) — 1, we get that u ~ 1, which proves the statement. 
On the contrary, we have 



/i(a) < a y a > 



q-2 



Let us prove this. Let f he a non-trivial eigenfunction of the Laplace-Beltrami operator corre- 
sponding the first nonzero eigenvalue: 



so that S'' c 



is characterized 



— Atp — dip . 

If X = {xi,X2, ■■■Xd, z) are cartesian coordinates of a; G 
by the condition X^iLi x'^ + z'^ = 1, then a simple choice of such a function ip is p{x) = z. By 
orthogonality with respect to the constants, we know that Jg^ (p da = 0. We may now Taylor 
expand Qa around u = 1 by considering u~l+eipase^O and obtain that 



(d-|-a)e2/gd da + a 
ils^ l^ + ^^l" da ^ 



2/9 



^a+[d + ai2-q)]e'^ \ip\'^ da + o{e'^) . 



By taking e small enough, we get fJ,{a) < a for all a > d/{q — 2). Optimizing on the value of e > 



(not necessarily small) provides an interesting test function: see Section A.l 



(3) The function a 1— > fJ.{a) is concave, because it is the minimum of a family of affine functions. 
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2.4. Estimates on the function a i— > [i{a). We first consider the critical case 5 = 2*, d > 3. As in the 
subcritical case 5 < 2*, we have = a for a < a* . For a > a*, the function a 1— > /^(q;) is constant: 

Proposition 7. W^it/i t/ie notations of Lemma^ if d > 3 and q — 2* , then 

n(a) = Va > a* = — = - did — 2) . 

q-2 A 

Proof. Consider the Aubin-Talenti optimal functions for Sobolev's inequality and more specifically, let us 
choose the functions 

' VxeM^ Ve>0, 

which are such that HiiellLS* — ll^i IIl^* (r^) is independent of e. With standard notations (see Appen- 



B.3), let N S S be the North Pole. Using the stereographic projection S, i.e. for the functions defined 



for any y€S'^\ {N} by 

= ' Veix) with x^^{y), 

we find that ||ug||L2* (gd) — ll^^i IIl^* (r^*) for any e > 0, so that 

1 l|V%ll^2(Kd) + (g - a*) Ad \Ve\' {j^Y dx , Sid,e) 

fJ-ia) < Qa[Ue\ = ^^—^2 a* + 4 |§ I <i (a - a*) |^ — r-^ 



K2*,d\\Ve\\-^2'(j^d) ||Wl|lL2*(Rd) 



where we have used the fact that K2*,d Sd — l/a* (see Appendix B.4| and 



One can check that lim£_5.o^ 5{d, e) = since 

S{d, e) < £^ / jz — ^ — 2\d-2 d^ d> 5 and 6{d, e) < ecd / — ^ if d = 3 or 4 , 

with C3 = 1 and C4 — 3 \/3/16. □ 

The next step is devoted to a lower estimate for the function a t-^ /^(a) in the subcritical case, which 
shows that limQ,_j.4.oo Ai(<^) ~ +00 in contrast with the critical case. 

Proposition 8. With the notations of Lemma^ if d > 3 and q G (2,2*), then for any a > a* we have 

a > fJ-{a) > at a^"'' , 

with ■& — d ■ -^"'^ every s G (2, 2*) if d > 3, or every s € (2, +00) if d ~ 1 or 2, such that s > q, we 
also have that 

a > ^iia) > {^f a'-' , 
for any a > d/{s — 2) and 9 — 9{s, q, d) := ^ (1-2) • 

Proof. The first case can be seen as a limit case of the second one as s — > 2* and d — 9{2*,q,d). Using 
Holder's inequality, we can estimate ||u||L5(gd-| by 

l|w||Li(S<i) < h||L=(Sd) ||w|lL^(sd) 

and get the result using 

|2 \ ^ / I1Y7„,I|2 I „, ||„,||2 \ 



^"^"J - ll„l|2 |l„,||2 ^ [s-2) 



a 



PllL=(S<i) / \ ll"llL2(S<i) 



□ 



Proposition 9. With the notations of Lemma^ for every q £ (2,2*) we have 



limsupa'' ^m(q^) ^ — ~ 
Q— f+00 ^q,d 
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Proof. Let v be an optimal function for and define for any x E M.'^ the function 

Va{x) := V (2 y^a — a^, x) 
with a* = ^d{d ~ 2) and a > a*, so that 

/ |Vt)„|2dx = 22-'^(a-a,)i-5 f \Vv\^ dx , 

Now we observe that the function Ua{y) := ( ^^^2^^ )^'^ "^^^"^ Va{x), where y = Y,^'^{x) and E is the stereo- 
graphic projection (see Appendix |B.3[ ), is such that 

1 /Rd iVvaP c?a;+ (a- l^^aP (i+ras) dx 



Passing to the hmit as a +00, we get 



d-(d-2)f 

dx 



a— f+oo 



4 (a — Qt) 



by Lebesgue's theorem of dominated convergence. The hmit also holds with q replaced by 2. This proves 
that 

Qa[ua] = (a-aO^~^^M — +0(1) ] as a ^ +00 
which concludes the proof because 1} = d{q — 2)/{2q). □ 

2.5. The semi-classical regime: behavior of the function a H> /i(a) as a — > +00. Assume that 
q G (2, 2*). If we combine the results of Propositions [s] and [oj we know that n{a) ~ a^^^ as a —J' +00 if 
d > 3. If d = 1 or 2, we know that lima_>._|_oo /^(a) — +00 with a growth at least equivalent to o?l'^~'^ with 
£ > 0, arbitrarily small, according to Proposition [sj and at most equivalent to a^~'^ by Proposition [9] To 
complete the proof of Lemma [s] it remains to determine the precise behavior of /^(q;) as a — > +00. 



we 



have 



Proposition 10. With the notations of Lemma^ for every q G (2,2*), with = 

^{a) ^^^a^-^{l + o{l)) as a ^ +00 . 

Proof. Suppose by contradiction that there is a positive constant 77 and a sequence (a„)„gN such that 
hm„^+oo an = +00 and 

(15) lim a^V(an)<— 

n— >-|-oo ^q,d 

Consider a sequence (un)neN of functions in II-'^(§'^) such that Qa„[M„] — fJ,{an) and ||un||L'!(S£i) — 1 for 
any ?i e N. From ([T5|, we know that 



that is 



an |lu«|lL2(S<i) < QaJUn] = ^iian) < ( 



— 77 ) (1 + 0(1)) as rt — > +00 



limsupa^^ ||w«||L2(sd) < — - ?7 . 

The normalization ||M„||L9(S'i) — 1 for any n € N and the limit lim„_j._|_co ||un||L2(s<J) = mean that the 
sequence (w„)„gN concentrates: there exists a sequence (yi)ieN of points in S'^ (eventually finite) and 
two sequences of positive numbers (Ci)ieN and {ri^n)i,neN such that lim„^-|_oo ^'i,n = 0, Y^i^nCi = 1 and 
/s<ins(y,,ri „) nl'' da = Ci + 0(1), where Ui^n G Hi(§'^), Ui^n = on S'' n B{yi,ri^n) and supp Uj,„ C 
S'^ n B{yi, 2 ri n)- Here o(l) means that uniformly with respect to i, the remainder term converges towards 
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as n — > +00. A computation similar to those of the proof of Proposition [9] we can blow up each function 
Ui,„ and prove 

Let us choose an integer N such that (E^^C*)^^'' > 1 - |f<^- Then we find that 

{an-a.r-' [ (|Vu„p + a„|u„p)da>^I]fCf^' + o(l)> (Sf + > ^ - ^ +o(l) , 
JS<i ^q.d ^q-.d ^q,d ^ 

a contradiction with (15). □ 



For details on the behavior of K^^^ as q varies, see Proposition 15 Collecting all results of this section, 
this completes the proof of Lemma [5] 

3. Spectral estimates for the Schrodinger operator on the sphere 

This section is devoted to the proof of Theorem [T] As a consequence of the results of Lemma [5j the 
function a i— )• /-i(a) is invertible, of inverse fi i— > a{fi), if d = 1, 2 or d > 3 and q < 2* , and we have the 
inequality 

2 

(16) / \Vu\'^da-n{[ dcT ) > -a(Ai) / \u\'^ da \/ u e YL^ {^'^ , da) , y > . 

Moreover, the function /i 1— a{fi) is monotone increasing, convex, satisfies a(/Lt) = /z for any n e (0, — ^] 
and a{fj,) > /i for any ^ > d/{q — 2). 

Consider the Schrodinger operator —A — V for some function V e LP(§'') and the corresponding energy 
functional 



£[u] := [ |VMp da- [ V \u\^ da. 



Let 

Ai(-A-y) inf £[u] 

u e ll\§'^,da) 
/g, |up da = 1 

By Holder's inequality, we have 



£[u\> / |Vw| dcr - ||y+||LP(sd) ||w||L9(sd) , 

with i + I = 1. From Section j2j with fi ~ ||V+||lp (§<*), we deduce 

> -a(M)||M|lL2(srf) VmG Hi(S^dfT), VF€LP(S^), 
which amounts to a Keller- Lieb-Thirring inequality on the sphere ([3|, or equivalently 

[ \Vu\^da~[ V\u\^ da + adlV+Wi^pi^s")) [ \u\^ da > y u e R^^'^ , da) , \fVeLP{^'^). 

Notice that this inequality contains simultaneously ^ and (16), by optimizing either on u or on V. 

Optimality in (|3]) still needs to be proved. This can be done by taking an arbitrary /i e (0, 00) and 
considering an optimal function for (16 1, for which we have 



2 

/ \Vu\^da-^i(f \u\''da]=aifi)f \u\^ da . 



Because the above expression is homogeneous of degree two, there is no restriction to assume that 
/gd \u\'' da — 1 and, since the solution is optimal, it solves the Euler-Lagrange equation 

— Au ~ V u = a{ii) u 

with V = ij,u'^~'^, such that 

||y+||LP(S<i) = MhllL^^gd) = 

Hence such a function V realizes the equality in (|3|. 
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Taking into account Lemma [5] and (10), this completes the prool of Theorem [l] in the general case. 
The case d — 1 and 7 = 1/2 has to be treated specifically. Using u = 1 as a test function, we know that 
|Ai(— A — V)\ < fJ, — /gi V dx. On the other hand consider u S H^(S^) such that ||u||l2('si') = 1. Since 
Hi(Si) is embedded into C°''^^^{S^), there exists G §^ w [0,27r) such that u{xo) = 1 and 

-1=2/ u{y) u'{y) dy = 2 u{y) u' {y) dy 

J xq J XQ-\-27r 

can be estimated by 

I -l\<2 r \u{y)\ \u'iy)\ dy ^ 2 T \u'{y)\dy 



J xq J xo+2tt 

< 1^'^ \u{y)\\u'{y)\dy < (^1^^ \u{y)\' dy \u'{y){' dy^ ^ 

using the Cauchy-Schwarz inequality, that is 

\\uix)\^-l \ <2^|17/'|1l2(si), 

since ||u'||l2(si) — Jq^ Wiy)\'^dy and ||it||L2(si) — lo^ Wiv)]^ '^U — 1 (recall that da is a probability 
measure). Thus we get 

\u{x)\^ < l + 27r||M'||L2(si), 

from which it follows that 

Ai(-A ^V)> h'||^2(si) - A' (1 + 2^ ||m'||l2(si)) > -a* - ttV' • 

This shows that /i < ck(/i) < /i + tt^/^^. By the Arzela-Ascoli theorem, the embedding of H^(S^) into 
(70A/2(^§i) is compact. When d — I and 7 = 1/2, the proof of the asymptotic behavior of Q;(/i) as 
/i — > +00 can then be completed as in the other cases. 

4. Spectral inequalities in the case of positive potentials 

In this section we address the case of Schrodinger operators —A + W where is a positive potential 
on S'' and we derive estimates from below for the first eigenvalue of such operators. In order to do so, we 
first study interpolation inequalities in the Euclidean space M'', like those studied in Section [2] (for q > 2). 

For this purpose, let us define for q e (0, 2) the constant 

'^o d ■ — il iT9 ^ 

■^^^ «eHi(R<i)\{0} l|t'llL2(R<i) 

that is the the optimal constant in the Gagliardo-Nirenberg-Sobolev inequality 

(17) KdMh(R^)<\\^v\\l^^,^ + \\v\\l^^,^ V«eHi(M'^) 
(with the convention that the r.h.s. is infinite if is not integrable). 

The optimal constant L^^ ^ in Q is such that 

(18) LL,,rf := (K;,)-" with q = 2- ^^'"^ 



27- d+2 



See Appendix |B.6| for a proof. Let us define the exponent 

2q 



S := 



2d-q{d-2) 



Lemma 11. Let q G (0, 2) and d > 1. Then there exists a concave increasing function v : — > with 
the following properties: 

v{P)<l3 V/3>0 and v{p) < 13 V/3 e (5^, +cx3) , 
v{f3)^p V/?e[0,24] if qe[l,2), and lim ^ = 1 if g G (0, 1) , 
^{P) = Ka (1 + 0(1)) /3 ^ +^ , 
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such that 
(19) 



Proof. Inequality (19) is obtained by minimizing the l.h.s. under the constraint 



minimizer which satisfies 



L2(S'i) 



d\ = 1: there is a 



■Au + Pu 



9-1 



iy{/3)u = 0. 



Case q G (1, 2). The proof is very similar to that of Lemma [5] so we leave it to the reader. Written for 
the optimal value of ;^(/3), inequality (19) is optimal in the following sense: 



(i) If < /3 < d/{2 — q), equality is achieved by constants. See ^3] for rigidity results on S''. 

(ii) li 13 = d/{2 — q), the sequence (wn)nGN with m„ :— 1 + ^ip where (p is an eigenfunction of the 



Laplace-Beltrami operator, is a minimizing sequence of the quotient to the l.h.s. of ( 19 1 divided 
by the r.h.s. which converges to the optimal value of i/(/3) = (3 = d/{2 ~ q), that is, 



lim 



I Vu„||L2(sd) 



rwoo ||M„||L2(sd) - ll"«|lL,(Sd) 2-q 

(iii) If /? > (i/(2 — g), there exists a non-constant positive function u E II^(§'*) \ {0} such that equality 
holds in (fT9|. 



Case q G (0, 1]. In this case, since S'^ is compact, the case g < 1 does not differ from the case q € (1, 2) as 
far as the existence of i^(/3) is concerned. The only difference is that there is no known rigidity result for 
q < 1. However we can prove that 

Indeed, let us notice that i'{(3) < (3 (use constants as test functions). On the other hand, let up = cp+vp 
be a minimizer for i'{l3) such that cp = Jg^ up da and, as a consequence, Jg^ vp da = 0. Without 
1.0. g. we can set Jg^ \cp + dcr = c| + Jg^ \vp\'^ da = 1. Using the Poincare inequality, we know that 
llVw^ll^^^g^j > rf|i'y/3|lL2(sd) and hence 

c^lk/3llL2(s<i) + P\\cp+vp\\l,^^^^ < ||Vw^||^2(sd) + P\\cp+vp\\l,^^^^ = v{l3) < (3 

which shows that lim^^o+ ||''^,9||L2(s<i) — and Yivap^Qj^cp = 1. As a consequence, ||c^ + i'/3|lL<!(sd) — 
c| (1 + o(l)) as /3 — > 0+ and we obtain that 

/3(l + o(l))=/?4(l + o(l))<K/3), 

which concludes the proof. 

Asymptotic behavior of v{(3). Finally, the asymptotic behavior of v{l3) when (3 is large can be investigated 
using concentration-compactness methods similar to those used in the proofs of Propositions [Sj |9] and 10 
Details are left to the reader. □ 



Proof of Theorem^ By Holder's inequality we have 



lL9(S'i 



2/q 



l^W-i {W\u\rda\ <\\W-X^^^^^^ i^H^^- 



Using (19), we get 

/ |VMpdcr+ [ W\u\^da> I \Vu\^da+\\W- 

JSrf Js<i JS'i 

with p = g/(2 — g), which proves ([7|. Then Theorem [s] is an easy consequence of Lemma [11 



■'I1lV)I1^I1l^(s^)^^(|1^"'I1l.V: 



da 



□ 
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5. The threshold case: q = 2 



The limiting case gr = 2 in the interpolation inequality ( 13 1 corresponds to the logarithmic Sobolev 
inequality 

/ iMplog ( „ IJ' \da< \ [ iVupda yueU\S'^,da) 

which has been studied, e.g., in [S1|T21|TT]. For earlier results on the sphere, see [HI [331 1301 and references 
therein (in particular for the circle). Now, if we consider inequality (11), in the limiting case g = 2 we 
obtain the following interpolation inequality. 

Lemma 12. For any p > max{l,(i/2}, there exists a concave nondecreasing function ^ : (0,+cxj) — )• M 
with the properties 

^{a) — a VQ!e(0,Q;o) and ^{a) < a Va > ao 
for some ao £ [| (p — 1), | p] , and 



^(a) ^ a"'" 2p as a — )• +oo 



such that 
(20) 



log ( JTW ) d'J+p\og ||„|j2^^^,^ < p log ( 1 + ^^^^ ) Vu e R\3') . 

Proof Consider Holder's inequality: ||u||l'-(s<J) < l|M|lL2(s<i) ll^llL^fgd)' with 2 < r < q and 6* = f To 
emphasize the dependence of 6 in r, we shall write 9 = 0{r). By taking the logarithm of both sides of the 
inequality, we find that 

- log / da < ^ log / da + i^lM log / \u\i da . 



The inequality becomes an equality when r = 2, so that we may differentiate at r = 2 and get, with 
q — < 2*, i.e. p = — rj; the logarithmic Holder inequality 



l-Plog da <pMI,,., log V. e H^(S^) 



We may now use inequality (11) to estimate 



l|u|lL2(sd) ~ M(a) \_ a Mlhis-i) ) 
where ^ = fJ,{a) is the constant which appears in Lemma [s] Thus we get 

H'logf^^S^l da+p\og{^) \\u\\l^,.^ <p\\u\\h^,d^ log (l + l^^J^I^ 

y ll"llL2(Sd) / y II "llL2(Sd) ^ 



which proves that the inequality 



/ l"l^log ( TuJiT 1 da +p loggia) \\u\\l2^s-') < P ll"llL2(s<i) log ( " + Im^^^"^ 

JS'' \ ll"llL2(Sd)/ \ ll"llL2(Sd) 



|V«|| 



2 



holds for some optimal constant ^(a) > ^i{a), which is therefore concave and such that limQ_5.+oo ^(ct) = 
+00. This establishes ([20]). The fact that equality is achieved for every a > follows from the method of 
[131 Proposition 3.3]. 

Testing (20) with constant functions, we find that £^{a) < a for any a > 0. On the other hand, 
^(a) > ii{a) — a for any a < ~ ^ (p — 1). Testing (201 with u ~ 1 + e(^, we find that ^(a) < a if 



By Proposition 10 
proof of Propositions 
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wc know that £,{a) > ^{a) ^ a^^'^ with d = d = ^ as a — > +00. As in the 



2p 



p log 



9|and 10 let us consider an optimal function Ua for (20 1. Then we have 
2 



p log ( 1 + - ||VuQ||L2(sd^ ) - / \Ua\'^\0g\Ua\'^ da ^ -\\VUc\\l2(^d-)~ I \Ua\'^ \og\Ua\'^ dd 

as a ^ +00 and Ua concentrates at a single point like in the case g > 2 so that, after a stereographic 
projection which transforms Ua into v^, the function Va is, up to higher order terms, optimal for the 
Euclidean logarithmic Sobolev inequality 

/ IwP \ d 
l^l'log rir ] d^+o log(7ree2)||i;|i2,^g,j <e||Vt;||2,(jj,^ 

which holds for any £ > and any v G H^(Ili'^). Here we have of course £ = p/a and find that 

p log (^) - I log (7r£e2)(i + ^s a -> +00 , 



which concludes the proof. 

Corollary 13. With the notations of Lemma\lS\ for any a > we have 



□ 



P Js" 



|uplog 



2 

L2(S<i) ^ 



da + a log (SM) < ||Vw||2,(g,^ Vu G UH^") . 



Proof. This is a straightforward consequence of Lemma 12 using the fact that log(l + x) < x for any 
x>0. □ 



As in the case q 2, Corollary 13 provides some spectral estimates. Let u E H^(§'*) be such that 
ii||L2(gd-) = 1. A straightforward optimization with respect to an arbitrary function W shows that 



/ W\u\^ da + p log ( j i 
with optimality case achieved by W such that 



inf 
w 



-^1^ da 



|up log |up da , 



Notice that, up to the addition of a constant, wc can always assume that Jg^ e"*^/^ da ~ \, which uniquely 
determines the optimal W . Now, by Corollary 13 applied with /i = a/p, we find that 



/ |Vw|2 da + [ W \uf da>a log (^) - - log ( f 1 
This leads us to the following statement. 



-pW/a 



Corollary 14. Let d> 1. With the notations of Lemma \lS\ we have the following estimate 

i/p 



^- \i{-A-W)/a < 



for any function W such that e vV/ja integrable. This estimate is optimal in the sense that there exists 
a nonnegative function W for which the inequality becomes an equality. 



Appendix A. Further estimates and numerical results 



A.l. A refined upper estimate. Let q G (2,2*). For a > d/{q — 2), we can give an upper estimate of 
the optimal constant p{a) in inequality (111 of Lemma [s] Consider functions which depend only on z, 
with the notations of Section 2.3 Then (111 is equivalent to an inequality that can be written as 



J\\fr>^d,yd + aj\\f\^d,yd 



2/q 
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where dv^i is the probabihty measure defined by 

Vdiz) dz = dvd{z) :— v^^^ dz with v{z) := 1 — 



r(^) 



See [13] for details. To get an estimate, it is enough to take a well chosen test function: consider := 
1 + Sip{z) and as in Section 2.3 we can choose ^{z) — z. Then one can optimize ha{e) — fa[fe] with 
respect to e e (0, 1), and observe that ly du^ — de^ z^ di^d, so that ha{e) can be written as 



haie) 



■ + {d + a)e^ j\ z^ dvd 
^\\l + ez\^dvd 



When e — 7^ 0+, we recover that ha{e) — a ^ [d — a{q — 2)] J^-^ z^ dvd < if a > — 2), but a better 
estimate can be achieved simply by considering infjg(-Q ha{e) so that iJ.{a) < fJ.+ {a) < a. The 

function a t-^ M+(q^) can be computed explicitly (using hypergeometric functions) and is shown in Fig. 1. 

A. 2. Numerical results. In this section, we illustrate the various estimates obtained in this paper by 
numerical computations done in the special case d — 3 and q — S. See Fig. 1 for the computation of 
the curve a i— >■ /x(q;) and how it behaves compared to the theoretical estimates obtained in this paper. 
We emphasize that our upper and lower estimates a i— > fi± (a) bifurcate from the line fi — a precisely at 
a = — 2) if g G (2, 2*) (and at a = d/{2 — q) if g g (1, 2)). The curve corresponding to the asymptotic 
regime is also plotted, but gives relevant information only as a — >■ oo. 



AM 



M — A''asymp('^ 




Figure 1. In the case q > 2, the optimal constant is given by fi — a for a < d/ {q — 2) and 
the curve fi = fJ.{a) for a > d/{q — 2). An upper estimate is given by the curve fi = 
obtained by optimizing the function /ia(e) in terms of e G (0,1) while a lower estimate, 
namely fi = fJ.-{a) = a^~'^ has been established in Proposition^ The asymptotic 
regime is governed by fi{a) ^ /^asymp(a) = ^q,d i^qdCe^ '^ as a — > +oo according to 
Lemma^ The above plot shows the various curves in the special case d — 3 and q = 3. 



The convergence towards the asymptotic regime is illustrated in Fig. 2 which shows the convergence of 
/Lt(a)//Xasymp(a) towards 1 as a — ?► +oo in the special case d = 3 and q = 3. In terms of spectral properties, 
for large potentials, eigenvalues of the Schrodinger operator can be estimated according to Theorem [T] 
by the Euclidean Keller-Lieb-Thirring constant that has been numerically computed for instance in [271 
Appendix A. Numerical studies, by J.F. Barnes]. 
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a ^ ^(a)/Masymp(Q;) 



Figure 2. The asymptotic regime corresponding to a — > +00 has the interesting feature 
that, up to a dependence in a^~'^ and a normalization factor proportional to Kq^d, the 
optimal constant iJ.{a) behaves like the optimal constant in the Euclidean space, as has 
been established in PropositionUR 



Appendix B. Constants on the Euclidean space 

B.l. Scaling of the Gagliardo-Nirenberg-Sobolev inequality. Let q > 2 and denote by Kgn('7) the 
optimal constant in the Gaghardo-Nirenberg-Sobolev inequaUty, given by 



KGN(g) := inf 

«GHi(R'')\{0} 



^^IIl^(R'') 



I|2(l-i5) 

With ^^^iq,d)^d''-^ 



lL9(Rd) 



2q 



An optimization of the quotient in the definition of Kq d, which has been defined in Section [2j aUows to 
relate this constant with Kgn('?)- Indeed, if we optimize J^[u] := J^^a |VmP dx + J^a I^P dx under the 
scaling A H> ux{x) :— A''/'^ u{\x), then we find that 



luP dx 



achieves its minimum at 



so that 



A. 



1- 19 \\Vu\\^2( 



A^KJ = ^-^1 - llv^ii^V) II^IIl^^.)^ 

thus proving that Kg^d can be computed in terms of KgnI?) as 



K 



q,d 



B.2. Asymptotic regimes in Gagliardo-Nirenberg-Sobolev inequalities. Let q > 2 and consider 
the constant d as above. To handle the case of dimension d = 1, we may observe that for any smooth 
compactly supported function u on M, we can write either 



or 



\uix)\' 



u{y)u'{y) dy 



( — 00,2;) 



W'\\hi-c^,x) Vxe 



+ 00 



L2(a;,+C3o) 



thus proving that 
that is, the Agmon inequality 



u{y) u'{y) dy 

K2:)I'<^(||"IIl^(k) + I1"'I1l^(m)) V 



X e 



WW 



+ w 



'l|2 



> 2. 
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and hence i > 2. Equality is achieved by the function u{x) ~ e^'^', x G M, and we have shown that 

Kooa = 2 . 

Proposition 15. Assume that q > 2. For all d > I, 

lim Kq,d = 1 



and, for all d > 3, 



lim Kq d = Sd 



where Sd is the best constant in inequality ([8|. If d — 1, then limq_>.+oo ^q.i — Koo.i- 
Proof. For any v E H^(M'^) and d > 3, we have 

nm n — 1T9 — ^™ — 1T9 — n — 1T9 — •^d J 

thus proving that hniq_j.2» ^q,d > S^- On the other hand, we may use the Aubin-Talenti function 
(21) u{x) ^ {l + \x\^)-^ VxeE"^ 

as test function for Kq d if d > 5, i.e. 



12,3 ||^||2(l-tf) 



ll«llL9(R'i) 

and observe that the right-hand side converges to since hmg_^2- "i^ilTd) = 1. If d = 3 or 4, standard 
additionnal truncations are needed. The case corresponding to (7 — > 00, d = 1 is deah with as above. 

Now we investigate the hmit as g — > 2+. For any v E H^(M''), we have 

hm r—rp^ > hm t— j-^ = 1 , 

9^2+ II«IIl.(R^) \\v\\l^^^,^ 

thus proving that hmq_s.2_|_ Kq d > 1, and for any v E H^(M''), the right-hand side in 

converges to 1 as q — > 2+. This completes the proof. □ 

B.3. Stereographic projection. On C M'^^^, we can introduce the coordinates y = {p (j), z) E M."^ x M. 
such that + z"^ — 1, z E [—1,1], p > and E and consider the stereographic projection 

S : S'^\{N} ^ M'* defined by S(y) = x where, using the above notations, x = r 4> with r = ^/(l -I- z)/{l — z) 
for any z E [—1,1). In this setting the North Pole N corresponds to z = 1 (and is formally sent at infinity) 
while the equator (corresponding to z = 0) is sent onto the unit sphere S'^"^ C W'-. Hence a; e M'' is such 
that r = (p = 1^, and we have the useful formulae 



H-1 ^ 2 2r 

7-2 + 1 



With these notations in hand, we can transform any function u on S'* into a function v on using 

<y) = (P = {'^)'^v{x) = (1 - z)-^ v{x) 

and a painful but straightforward computation shows that, with a* = |; (i((i — 2), 

/ \Vu\^dLj + a,f \u\^doj^f \Vv\^dx and / \u\'' dio = ( \v\'i [j^Y'^'^'^^'^ dx . 

As a consequence, Inequalities (11) and (19) are transformed respectively into 

rf-(d-2)S ^ 



\Vv\'^ dx + 4:{a-a^) I \vf j^^^j^^ > fJ-ia) fiq,d 
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if (7 e (2, 2*) and a > a*, and 



if g e (1,2) and /? > 



d-((i-2)f 



>4K/3)+«*) / 



(1+|X|2)2 



B.4. Sobolev's inequality: expression of the constant and references. The proof that Sobolev's 
inequahty (jsj becomes an equaUty if and only if u = u given by ( 21 ) up to a multiplication by a constant, 
a translation and a scaling is due to T. Aubin and G. Talenti: see [H [M]. However, G. Rosen in [5^ 
showed (by linearization) that the function given by (21) is a local minimum when d ~ Z and computed 
the critical value. 

Much earlier, G. Bliss in lOj (also see [T5]) established that, among radial functions, the following 
inequality holds 



|V/|^ 



dx 



when r = I — 1. With the change of variables f{x) — v {\^x\ <^-^ , the inequality is changed into 



|?;| 'i-s dx 



< 



Bliss 



|Vi;P dx 



(d-2)2V 

if p = 2* and it is a straightforward consequence of lOj that the equality is achieved with v ^ u. 
According to the duplication formula (see for instance [T]) for the F function, we know that 

r{x)r{x + ^) = 2i-2^v^r(2 2;). 

As a consequence, the best constant in Sobolev's inequality ([s]) can be written either as 

5. 



d(d-2)|S'^|2/<* 

where the surface of the d-dimensional unit sphere is given by IS'^I = 2Tr2 /T (^) (see for instance 0), 
or as 

ndid-2) Vr(j)J 

according to [31 [TOl |3H El] ■ This last expression can easily be recovered using the fact that optimality 
in (|8| is achieved by u defined in (21), while the first one, namely l/S^ = ^d{d — 2)K2*,(i) is an easy 
consequence of the stereographic projection and the computations of Section [B.3| with a = a* and q = 2* . 



B.5. A proof of ( 10 ). Assume that q > 2 and let us relate the optimal constant ^ in the one bound state 



Keller-Lieb-Thirring inequality ([T]) with the optimal constant Kq^d in the Gagliardo-Nirenberg-Sobolev 
inequality In this case, recall that p = -^p^ = 7 + ^. For any nonnegative function defined on 
such that ||</i||lp(r<') = ^q,di using Holder's inequality we can write that 

(|Vt;p - dx > II Vi;||2,(j,,^ - ||<^||lp(e<') I^IIl^cr^) 



> 



for any v G H^(M'^). Using (|9]), namely 

W'^vWhiR^) - K,,d||«|lL 

this proves that 

(22) |Ai(-A-0)|<l V0eLP(M'') such that | 

Next one can observe that inequality ([!]) can be rephrased as 

.... /l 



T 1 



sup sup (??.[«,(/)])' with 7l[v, 

</>eLP(S'') i;eHi(R'')\{0} 



iVwP) dx 



2p 
2 p-d 
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where p = 7 + d/2 so that the exponent 2^-4 precisely the one for which we get the scahng invariance 
oiTZ. Indeed, with v\[x) := v{\x) and (j)x{x) :— (/)(Ax), we get that TZ[v\,\^ cf)\\ = 7?.[v,</i] for any A > 0. 
Hence we find that 



sup TZ[v^4>\ 

■ueHi(R<i)\{0} 

and if we choose A such that 



we obtain 



2p 
2p-£i 



sup Tl[vx,>? (t>\\ 

■ueHi(R'')\{0} 



IA^'/'aII 



2p 
2 p-d 

LP(R'') 



Ilp(R'') 



— I|A^ </'a||lp(R'') — ^q,d , 



|Ai(-A 



< 



2 p-d 

LP(R'') 



2p 
p^2p-d 



q,d 



using (22 1, which proves that L}^ < (Kg ^) ^ with p — j + |. Since optimahty can be preserved at each 
step, this actually proves (10). 

See [121 123 [Ml [33 [HI [IS] for further details. In the Euclidean case, notice that the equivalence can be 
extended to the case of systems on the one hand and to Lieb-Thirring inequalities on the other hand: see 
|27l[29l[T5]. 



B.6. A proof of (18 1. As in [15], we can also relate Ll_^ ^ and K* ^ when q = 2 



2'y-d 
2i~d+2 



takes values 



in (0,2). The method is similar to that of Appendix B.5 For any function v e 11(E ) such that is 
integrable and any positive potential cj) such that cj)^^ is in LP(M'*) with p — q/ {2 — q), we can use Holder's 
inequality as in the proof of Theorem [3] and get 



{\Vv\^ + cP\v\') dx>\\Vv\\l. 



L5(R'') 



Using (171, namely HVw"^ 



\\(P llLP(R<i) 

lL,(Rd) > K.d lkllT,2fKd-,, this proves that 



L2(Rd) ~^ II ''llL9(R'') - '^qM II ''llL2(R<i); 

Ai(-A + 0) > K; ,j V0eLf(M'^) such that ||0-i||LP(Rd) = 1 , 



Inequality ([6| can be rephrased as 

Li^^= sup sup {TZ[v , (f>])~^ with TZ[v, 

</)eLp(S'') tieHi(R'')\{o} 



L2(Rd) 



with 7 =p+ |. The same scaling as in Appendix B.5 applies: with v\{x) := v{\x) and 4>\{x) :— 0(Ax), 
we get that TZ[v\, A^ — TZ[v, (p] for any A > and hence 

L-7,d — {^q,d) ) 



which completes the proof of (18). 
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